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BLOW-UP PHENOMENA FOR THE LIOUVILLE EQUATION
WITH A SINGULAR SOURCE OF INTEGER MULTIPLICITY
TERESA D’APRILE
Abstract. We are concerned with the existence of blowing-up solutions to the following
boundary value problem
−∆u = λa(x)eu − 4πNδ0 in Ω, u = 0 on ∂Ω,
where Ω is a smooth and bounded domain in R2 such that 0 ∈ Ω, a(x) is a positive smooth
function, N is a positive integer and λ > 0 is a small parameter. Here δ0 defines the Dirac
measure with pole at 0. We find conditions on the function a and on the domain Ω under
which there exists a solution uλ blowing up at 0 and satisfying λ
∫
Ω
a(x)euλ → 8π(N + 1)
as λ → 0+.
Mathematics Subject Classification 2010: 35J20, 35J57, 35J61
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1. Introduction
Let Ω be a bounded domain in R2 with a smooth boundary containing the origin. In this
paper we consider the following Liouville equation with Dirac mass measure
{−∆u = λa(x)eu − 4πNδ0 in Ω,
u = 0 on ∂Ω.
(1.1)
Here λ is a positive small parameter, δ0 denotes Dirac mass supported at 0, a is a smooth
function satisfying infΩ a(x) > 0 and N is a positive integer.
Problem (1.1) is motivated by its links with the modeling of physical phenomena. In par-
ticular, (1.1) arises in the study of vortices in a planar model of Euler flows (see [10], [29]). In
vortex theory the interest in constructing blowing-up solutions is related to relevant physical
properties, in particular the presence of vortices with a strongly localised electromagnetic
field.
The asymptotic behaviour of family of blowing up solutions can be referred to the papers
[1], [6], [18], [19], [21], [23] for the regular problem, i.e. when N = 0. An extension to the
singular case N > 0 is contained in [2]-[3].
The analysis of the blowing-up behaviour at points away from 0 actually is very similar
to the asymptotic analysis arising in the regular case which has been pursued with success
and, at the present time, an accurate description of the concentration phenomenon is avail-
able. Precisely, the analysis in the above works yields that if uλ is an unbounded family of
solutions of (1.1) for which λ
∫
Ω a(x)e
uλ is uniformly bounded and uλ is uniformly bounded




a(x)euλdx→ 8πm as λ→ 0+. (1.2)
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Moreover there are points ξλ1 , . . . , ξ
λ
m ∈ Ω which remain uniformly distant from the boundary






in the measure sense. Also the location of the blowing-up points is well understood when
concentration occurs away from 0. Indeed, in [21] and [23] it is established that the m-tuple
(ξλ1 , . . . , ξ
λ
















G(ξj , 0). (1.4)
Here G(x, y) is the Green’s function of −∆ over Ω under Dirichlet boundary conditions and
H(x, y) denotes its regular part:





The above description of blowing-up behaviour continues to work if we are in the presence of
multiples singularities
∑











j G(ξj , pi) in (1.4).
The reciprocal issue, namely the existence of positive solutions with the property (1.3),
has been addressed for the regular case N = 0 first in [28] in the case of a single point of
concentration (i.e. m = 1), later generalised to the case of multiple concentration associated
to any nondegenerate critical point of the functional (1.4) ([1], [7]) or, more generally, to a
any topologically nontrivial critical point ([11]-[13]). In particular, still for N = 0, a family
of solutions uλ concentrating at m-tuple of points as λ→ 0+ has been found in some special
cases: for any m ≥ 1, provided that Ω is not simply connected ([11]), and for m ∈ {1, . . . , h}
if Ω is a h-dumbell with thin handles ([13]). We mention that functionals similar to (1.4)
occur to detect multiple-bubbling solutions in different contexts, see [4], [14], [15], [26] for
other related singularly perturbed problems.
In the singular case N > 0 solutions which concentrate in the measure sense at m distinct
points away from 0 have been built in [11] provided that m < 1 + N . This result has been
extended in [8] to the case of multiple singular sources: in particular it is showed that, under
suitable restrictions on the weights, if several sources exist then the more involved topology
generates a large number of blow-up solutions.
We point out that in all the above results concentration occurs at points different from
the location of the source. The problem of finding solutions with additional concentration
around the source is of different nature. In case they exist, the blowing-up at the singularity
provides an additional contribution of 8π(1 + N)δ0 in the limit (1.2), see [2], [3], [12], [24],
[25]. More precisely the asymptotic analysis in the general case can be formulated as follows:
if uλ is an unbounded family of solutions of (1.1) for which λ
∫
Ω a(x)e
uλ is uniformly bounded
and uλ is unbounded in any neighborhood of 0, then, up to a subsequence, there is an integer




a(x)euλdx→ 8πm+ 8π(N + 1) as λ→ 0+.
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δξj + 8π(N + 1)δ0 (1.5)
in the measure sense. We mention that also in this case the analysis can be generalized
to any number of sources. Moreover, under some extra assumptions it is possible to define
a functional which replaces (1.4) in locating the points ξj where the concentration occurs,
anyway to avoid technicalities we will not go into any further detail (see [12]).
The question on the existence of solutions to (1.1) concentrating at 0 is far from being
completely settled. Indeed only partial results are known: in [12] the construction of solutions
concentrating at 0 is carried out provided that N ∈ (0,+∞) \N. To our knowledge, the only
paper dealing with the case N ∈ N is [10], where, for any fixed positive integer N , it is proved
the existence of a solution to (1.1) with a = 1 and δ0 replaced by δpλ for a suitable pλ ∈ Ω
with N + 1 blowing up points at the vertices of a sufficiently tiny regular polygon centered
in pλ; moreover pλ lies uniformly away from the boundary ∂Ω but its location is determined
by the geometry of the domain in an λ−dependent way and does not seem possible to be
prescribed arbitrarily as in [12].
The case N ∈ N is more difficult to treat, and at the same time the most relevant to
physical applications. Indeed, in vortex theory the number N represents vortex multiplicity,
so that in that context the most interesting case is precisely that in which it is a positive
integer. The difference between the case N ∈ N and N 6∈ N is analitically essential. Indeed,
as usual in problems involving small parameters and concentration phenomena like (1.1),
after suitable rescaling of the blowing-up around a concentration point one sees a limiting
equation. More specifically, as we will see in Section 2, we can associate to (1.1) the limiting
problem of Liouville type (2.4) which will play a crucial role in the construction of solutions
blowing up at 0 as λ→ 0+; if N ∈ N, (2.4) admits a larger class of finite mass solutions with
respect to the case N 6∈ N since the family of all solutions extends to one carrying an extra
parameter b ∈ R2 (see [22]).
In this paper we are interested in finding conditions on the potential a and on the domain
Ω under which there exists a solution uλ blowing up at 0. Even though finding general
conditions is a notoriously open issue, our analysis reveals that the interplay between the
geometry of the domain, which is described in terms of the Robin function H(x, x), and the
potential a plays a crucial role. More specifically our conditions involve the first and the
second derivative of a and H(x, x).
Now we pass to provide the exact formulations of our results. In the following we will
assume that
a ∈ C(Ω) ∩ C2(Ω) and inf
Ω
a(x) > 0.
Moreover, after suitably rotating the coordinate system, we may assume that in a small
neighborhood of 0 the following expansion holds:












Theorem 1.1. Let N ≥ 2, N ∈ N. Assume that1
∇a(0) + 4π(N + 2)a(0)∇xH(0, 0) = 0, ∆a(0) 6= 16π2(N + 2)2a(0)|∇xH(0, 0)|2. (1.6)
Then, for λ sufficiently small, the problem (1.1) has a family of solutions uλ blowing up at 0
as λ→ 0+. More precisely the following holds:
λa(x)euλdx→ 8π(1 +N)δ0 (1.7)
in the measure sense. More precisely uλ satisfies
uλ = 4π(N + 2)G(x, 0) + o(1) (1.8)
away from 0.
In the particular case when 0 is a critical point of the potential a and of the Robin function,
we get the existence of a solution blowing up at 0 provided that ∆a(0) 6= 0.
Corollary 1.2. Let N ≥ 2, N ∈ N. Assume that
∇a(0) = ∇xH(0, 0) = 0, ∆a(0) 6= 0.
Then, for λ sufficiently small the problem (1.1) has a family of solutions uλ blowing up at 0
as λ→ 0+. More precisely uλ satisfies (1.7)-(1.8) of Theorem 1.1.
The case N = 1 is considered in a separate theorem since the result requires different
assumptions; the above result continues to hold in symmetric domains under an additional
relation involving the second derivatives of a.
Theorem 1.3. Let N = 1. Assume that Ω is ℓ-symmetric for some ℓ ≥ 3, i.e.
x ∈ Ω ⇐⇒ ei 2πℓ x ∈ Ω (1.9)
and, in addition,
∇a(0) = 0, ∆a(0) 6= 0, a11 = a22. (1.10)
Then, for λ sufficiently small the problem (1.1) has a family of solutions uλ blowing up at 0
as λ→ 0+. More precisely uλ satisfies (1.7)-(1.8) of Theorem 1.1.
We point out that in symmetric domains the center of symmetry 0 is a critical point of
the Robin function, so the condition ∇xH(0, 0) = 0 is automatically satisfied. Assumptions
(1.9)-(1.10) are obviously satisfied if Ω is a ball centered at 0 and a is a radially symmetric
potential with a nondegenerate critical point at 0.
The proofs use singular perturbation methods. Roughly speaking, the first step consists
in the construction of an approximate solution, which should turn out to be precise enough.
In view of the expected asymptotic behavior, the shape of such approximate solution will
resemble a bubble of the form (2.5) with a suitable choice of the parameter δ = δ(λ, b). Then
we look for a solution to (1.1) in a small neighborhood of the first approximation. As quite
standard in singular perturbation theory, a crucial ingredient is nondegeneracy of the explicit
family of solutions of the limiting Liouville problem (2.4), in the sense that all bounded
elements in the kernel of the linearization correspond to variations along the parameters of
the family, as established in [10]. This allows us to study the invertibility of the linearized
operator associated to the problem (1.1) under suitable orthogonality conditions. Next we
introduce an intermediate problem and a fixed point argument will provide a solution for an
1Here ∇xH(0, 0) denotes the gradient of the function x 7→ H(x, 0) at 0.
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auxiliary equation, which turns out to be solvable for any choice of b. Finally we test the
auxiliary equation on the elements of the kernel of the linearized operator and we find out
that, in order to find an exact solution of (1.1), the parameter b should be a zero for a reduced
finite dimensional map.
The rest of the paper is organized as follows. Section 2 is devoted to some preliminary
results, notation, and the definition of the approximating solution. Moreover, a more general
version of Theorems 1.1-1.3 is stated there (see Theorems 2.2-2.3). The error up to which the
approximating solution solves problem (1.1) is estimated in Section 3. In Section 4 we prove
the solvability of the linearized problem. Section 5 considers the solvability of an auxiliary
problem by a contraction argument.. Finally, in Section 6, we prove the existence results and
we conclude the proof of Theorems 1.1-1.3. In Appendix A and Appendix B we collect some
results, most of them well-known, which are usually referred to throughout the paper.
2. Preliminaries and statement of the main results
We are going to provide an equivalent formulation of problem (1.1) and Theorems 1.1-1.3.
Indeed, let us observe that, setting v the regular part of u, namely
v = u+ 4π(α− 1)G(x, 0), α = N + 1, (2.1)
problem (1.1) is then equivalent to solving the following (regular) boundary value problem
{
−∆v = λV (x)|x|2(α−1)ev in Ω
v = 0 on ∂Ω
, (2.2)
where V (x) is the new potential
V (x) = a(x)e−4π(α−1)H(x,0). (2.3)
Here G and H are Green’s function and its regular part as defined in the introduction.










V (x)|x|2(α−1)evdx, v ∈ H10 (Ω).
Then the following Moser-Trudinger inequality ([20, 27]) guarantees that J is of class C1(H10 (Ω))
and solutions of (2.2) correspond to critical points of J .





‖u‖2 dx ≤ C|Ω| ∀u ∈ H10 (Ω),








‖u‖2 ∀u ∈ H10 (Ω).
Theorems 1.1-1.3 will be a consequence of more general results concerning Liouville-type
problem (2.2). In order to provide such results (2.2), we now give a construction of a suitable
approximate solution for (2.2). In what follows, we identify x = (x1, x2) ∈ R2 with x1 +
ix2 ∈ C. Moreover, 〈x1, x2〉 stands for the inner product between the vectors x1, x2 ∈ R2,
whereas x1x2 will denote the multiplication of the complex numbers x1, x2. Clearly 〈x1, x2〉 =
Re(x1x2).
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For any α ∈ N, we can associate to (2.2) a limiting problem of Liouville type which will
play a crucial role in the construction of the blowing-up solutions:
−∆w = |x|2(α−1)ew in R2,
∫
R2
|x|2(α−1)ew(x)dx < +∞. (2.4)
A complete classification for solutions of (2.4) is due to [22] and corresponds, in complex
notation, to the three-parameter family of functions
wαδ,b(x) := log
8α2δ2α
(δ2α + |xα − b|2)2 δ > 0, b ∈ C. (2.5)
The following quantization property holds:
∫
R2
|x|2(α−1)ewαδ,b(x)dx = 8πα. (2.6)











To obtain a better first approximation, we need to modify the functions Wλ in order to
satisfy the zero boundary condition. Precisely, we consider the projections PWλ onto the
space H10 (Ω) of Wλ, where the projection P : H
1(RN ) → H10 (Ω) is defined as the unique
solution of the problem
∆Pv = ∆v in Ω, Pv = 0 on ∂Ω.
Let us consider b in a small neighborhood of 0 and let us denote by β0, . . . , βα−1 the α-roots
of b, i.e., βαi = b and βi 6= βh for i 6= h. Observe that the function
∑α−1
i=0 H(x, βi) is harmonic
in Ω and satisfies
∑α−1
i=0 H(x, βi) =
1
2π log |xα−b| on ∂Ω. A straightforward computation gives
that for any x ∈ ∂Ω













+ 4 log |xα − b|
∣∣∣∣ ≤ Cδ
2α.
Since the expressions considered inside the absolute values are harmonic in Ω, then the
maximum principle applies and implies the following asymptotic expansion



















uniformly for x ∈ Ω̄ and b in a small neighborhood of 0.
We shall look for a solution to (2.2) in a small neighborhood of the first approximation,
namely a solution of the form
vλ = PWλ + φλ,
where the rest term φλ is small in H
1
0 (Ω)-norm.
We are now in the position to state the main theorems of the paper.
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Theorem 2.2. Assume that α ≥ 3 and hypotheses (1.6) hold. Then, for λ sufficiently small
there exist φλ ∈ H10 (Ω) and b = bλ = O(λ
α+1
2α ) such that the couple PWλ + φλ solves problem






−ε for λ small enough. (2.9)
Theorem 2.3. Assume that α = 2, and hypotheses (1.9)-(1.10) hold. Then, for λ sufficiently
small there exist φλ ∈ H10 (Ω) and b = bλ = O(λ
α+1
2α ) such that the couple PWλ + φλ solves
problem (2.2). Moreover, for any fixed ε > 0, (2.9) holds.
In the remaining part of the paper we will prove Theorems 2.2-2.3 and at the end of the
Section 6 we shall see how Theorems 1.1-1.3 follow quite directly as a corollary according to
(2.1) and (2.3).
We end up this section by setting the notation and basic well-known facts which will be of




(Ω), ‖u‖p := ‖u‖Lp(Ω) ∀u ∈ H10 (Ω). (2.10)












































We denote by 〈u, v〉Lα and 〈u, v〉Hα the natural scalar product in Lα and in Hα, respectively.
Proposition 2.4. The embedding iα : Hα(R
2) →֒ Lα(R2) is compact.
Proof. See [17, Proposition 6.1]. 
As commented in the introduction, our proof uses the singular perturbation methods. For
that, the nondegeneracy of the functions that we use to build our approximating solution is
essential. Next proposition is devoted to the nondegeneracy of the finite mass solutions of
the Liouville equation (regular and singular).
Proposition 2.5. Assume that φ : R2 → R solves the problem
−∆φ = 8α2 |y|
2(α−1)




|∇φ(y)|2dy < +∞. (2.13)
Then there exist c0, c1, c2 ∈ R such that
φ(y) = c0Z0 + c1Z1 + c2Z2.
Z0(y) :=
1− |yα − ξ|2
1 + |yα − ξ|2 , Z1(y) :=
Re(yα − ξ)
1 + |yα − ξ|2 , Z2(y) :=
Im(yα − ξ)
1 + |yα − ξ|2 .
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Proof. In [17, Theorem 6.1] it was proved that any solution φ of (2.13) is actually a bounded
solution. Therefore we can apply the result in [9] to conclude that φ = c0φ0+ c1φ1+ c2φ2 for
some c0, c1, c2 ∈ R.

In our estimates throughout the paper, we will frequently denote by C > 0, c > 0 fixed
constants, that may change from line to line, but are always independent of the variable under
consideration. We also use the notations O(1), o(1), O(λ), o(λ) to describe the asymptotic
behaviors of quantities in a standard way.
3. Estimate of the error term
The goal of this section is to provide an estimate of the error up to which the function Wλ
solves problem (2.2).
Lemma 3.1. Let r > 0 be a fixed number. Define
Rλ := −∆PWλ − λV (x)|x|2(α−1)ePWλ = |x|2(α−1)eWλ − λV (x)|x|2(α−1)ePWλ.




uniformly for |b| ≤ r
√
λ. Consequently, for every fixed p ≥ 1,
‖λV (x)|x|2(α−1)ePWλ‖p = ‖|x|2(α−1)eWλ‖p + o(1) = O(λ
1−p
αp ) (3.1)
uniformly for |b| ≤ r
√
λ.






















According to (B.1) we have






whereas, by Lemma B.1,
α−1∑
i=0
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+ 4π(α + 1)〈∇xH(0, 0), x〉 = 0
by assumptions (1.6) and (1.9)-(1.10), we arrive at





Now if we scale x = δy, recalling that |b| ≤
√
λ ≤ Cδα, we get
|x|2(α−1)eWλ = 8α2 |y|
2(α−1)







|x|2αeWλ = 8α2 |y|
2α









p ) ‖|x|2αeWλ‖p = O(δ
2
p )
The thesis is thus proved.

4. Analysis of the linearized operator
According to Proposition 2.5, by the change of variable x = δy, we immediately get that
all solutions ψ ∈ Hα(R2) of
−∆ψ = 8α2 δ
2α|x|2(α−1)
(δ2α + |xα − b|2)2ψ = |x|
2(α−1)eWλψ in R2
are linear combinations of the functions
Z0δ,b(x) =
δ2α − |xα − b|2








δ2α + |xα − b|2 .
We introduce their projections PZjδ,b onto H
1
0 (Ω). It is immediate that
PZ0δ,b(x) = Z
0











α) , j = 1, 2 (4.2)
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uniformly with respect to x ∈ Ω and b in a small neighborhood of 0.
We agree that Zjλ := Z
j
δ,b for any j = 0, 1, 2, where δ is defined in terms of λ and b according
to (2.7).




−∆φ− λV (x)|x|2(α−1)ePWλφ = ∆h
∫
Ω
∇φ∇PZjλ = 0 j = 1, 2
. (4.3)
Before going on, we recall the following identities which follow by straightforward compu-
tations using Lemma A.1: for every ξ ∈ R2
∫
R2
|y|2(α−1) log(1 + |yα − ξ|2) 1− |y
α − ξ|2





log(1 + |y|2) 1− |y|
2








(1 + |yα − ξ|2)2
1− |yα − ξ|2


























Proposition 4.1. Let r > 0 be fixed. There exist λ0 > 0 and C > 0 such that for any
λ ∈ (0, λ0), any b ∈ R2 with |b| < r
√
λ and any h ∈ H10 (Ω), if φ ∈ H10 (Ω) solves (4.3), then
the following holds
‖φ‖ ≤ C| log λ|‖h‖.
Proof. We argue by contradiction. Assume that there exist sequences λn → 0, hn ∈ H10 (Ω),
|bn| ≤ r
√
λn and φn ∈ H10 (Ω) which solve (4.3) and
‖φn‖ = 1, | log λn|‖hn‖ → 0. (4.7)
Let δn > 0 be the value associated to λn according to (2.7). Then we may assume
δ−αn bn → b0.






φn (δny) if y ∈ Ω̃n
0 if y ∈ R2 \ Ω̃n
.
In what follows at many steps of the arguments we will pass to a subsequence, without further
notice. We split the remaining argument into five steps.
Step 1. We will show that
φ̃n is bounded in Hα(R
2).
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|∇φn|2dx ≤ 1. (4.8)















V (x)|x|2(α−1)ePWλnφ2ndx ≤ C. (4.9)
So, Lemma 3.1 gives
∫









Combining this with (4.8), we deduce that φ̃n is bounded in the space Hα(R
2).
Step 2. We will show that, for some γ0 ∈ R,
φ̃n → γ0
1− |yα − b0|2
1 + |yα − b0|2
weakly in Hα(R
2) and strongly in Lα(R
2).
Step 1 and Proposition 2.4 give
φ̃n → f weakly in Hα(R2) and strongly in Lα(R2).
Let ψ̃ ∈ C∞c (R2) and set ψn = ψ̃( xδn ) ∈ C
∞
c (Ω), for large n. We multiply the equation in



























(1 + |yα − b0|2)2
fψ̃dy + o(1).








|∇hn∇ψn|dx = O(‖hn‖) = o(1). (4.11)







(1 + |yα − b0|2)2
fψ̃dy.
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Thus f solves the equation
−∆f = 8α2 |y|
2(α−1)
(1 + |yα − b0|2)2
f.
Proposition 2.5 gives
f = γ0Z0 + γ1Z1 + γ2Z2 (4.12)



















(1 + |yα − b0|2)2


















So γ1 = 0 and, similarly, γ2 = 0.























































Ω |x|2(α−1)eWλPZ0λ = O(1), by which,
owing to (4.7), ∫
Ω





We now multiply (4.13) by log λn and pass to the limit: inserting (4.14), (4.15), (4.16), we
obtain the thesis of the step.
Step 4. We will show that γ0 = 0.
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(1 + |yα − δ−αn bn|2)2
φ̃ndy = o(1)
(4.18)












(1 + |yα − δ−αn bn|2)2
φ̃nPWλn(δny)dy + o(1).
(4.19)
Observe that by (2.8)




PWλn(δny) + 4α log δn → −2 log(1 + |yα − b0|2) + 8παH(0, 0) uniformly in R2.








log(1 + |yα − b0|2)
|y|2(α−1)
(1 + |yα − b0|2)2
1− |yα − b0|2






(1 + |yα − b0|2)2
1− |yα − b0|2
1 + |yα − b0|2
dy




(1 + |yα − δ−αn bn|2)2
φ̃ndy + o(1).




V (x)|x|2(α−1)ePWλnφnPWλndx = 8παγ0 + o(1). (4.20)





O(| log λ|), by which, owing to (4.7),
∫
Ω
|∇hn| |∇PWλn |dx ≤ ‖hn‖ ‖PWλn‖ = o(1). (4.21)
By inserting (4.18), (4.20), (4.21) into (4.17) and passing to the limit we deduce γ0 = 0.
Step 5. End of the proof.
We will show that a contradiction arises. According to Step 2 and Step 4 we have








|x|2(α−1)eWλnφ2ndx+ o(1) ≤ C‖φ̃n‖2Lα + o(1) = o(1).
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Moreover, by (4.7), ∫
Ω
∇hn∇φndx = o(1).









in contradiction with (4.7).

In addition to (4.3), let us consider the following linear problem: given h ∈ H10 (Ω), find a
function φ ∈ H10 (Ω) and constants c1, c2 ∈ R satisfying










∇φ∇PZjλdx = 0 j = 1, 2
. (4.22)
In order to solve problem (4.22), we need to establish an a priori estimate analogous to
that of Proposition 4.1.
Proposition 4.2. Let r > 0 be fixed. There exist λ0 > 0 and C > 0 such that for any
λ ∈ (0, λ0), any b ∈ R2 with |b| < r
√
λ and any h ∈ H10 (Ω), if (φ, c1, c2) ∈ H10 (Ω)×R2 solves
(4.3), then the following holds
‖φ‖ ≤ C| log λ|‖h‖.






































Then, taking into account that −∆PZjλ = |x|2(α−1)eWλZ
j
λ, according to Proposition 4.1 we
have
‖φ‖ ≤ C log λ
(
‖h‖ + |c1|+ |c2|
)
. (4.26)
Hence it suffices to estimate the values of the constants cj . We multiply the equation in








παc1 + o(c1) + o(c2) +O(‖h‖).
(4.27)
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Let us fix p ∈ (1,+∞) sufficiently close to 1. Then, by (4.2) and (3.1) we may estimate
∫
Ω












αp ‖φ‖ ≤ Cλ
1
αp ‖φ‖
and, since PZ1λ = O(1), using Lemma 3.1,∫
Ω
|φ|










By inserting the above two estimates into (4.27) we obtain
|c1|+ o(c2) ≤ C‖h‖+ Cλ
1
αp ‖φ‖.
We multiply the equation in (4.22) by PZ2λ and, by a similar argument as above, we find




|c1|+ |c2| ≤ C‖h‖+ Cλ
1
αp ‖φ‖.
Combining this with (4.26) we obtain the thesis.

5. The nonlinear problem: a contraction argument










φ ∈ H10 (Ω),
∫
Ω
∇φ∇PZjλdx = 0 j = 1, 2.
(5.1)
Then it is convenient to solve as a first step the problem for φ as a function of b. To this
aim, first let us rewrite problem (5.1) in a more convenient way.
For any p > 1, let
i∗p : L
p(Ω) → H10 (Ω)
be the adjoint operator of the embedding ip : H
1
0 (Ω) →֒ L
p
p−1 (Ω), i.e. u = i∗p(v) if and only if
−∆u = v in Ω, u = 0 on ∂Ω. We point out that i∗p is a continuous mapping, namely
‖i∗p(v)‖ ≤ cp‖v‖p, for any v ∈ Lp(Ω), (5.2)



















Π : H10 (Ω) → K, Π⊥ : H10 (Ω) → K⊥
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Notice that problem (4.22) reduces to
L(φ) = Π⊥h, φ ∈ K⊥.
As a consequence of Proposition 4.2 we derive the invertibility of L.
Proposition 5.1. Let r > 0 be a fixed number. For any p > 1 there exist λ0 > 0 and C > 0
such that for any λ ∈ (0, λ0), any b ∈ R2 with ‖b‖ < r
√
λ and any h ∈ K⊥ there is a unique
solution φ ∈ K⊥ to the problem
L(φ) = h.
In particular, L is invertible; moreover,
‖L−1‖ ≤ C| log λ|.






is a compact operator
in K⊥. Let us consider the case h = 0, and take φ ∈ K⊥ with L(φ) = 0. In other words, φ
solves the system (4.22) with h = 0 for some c1, c2 ∈ R. Proposition 4.2 implies φ ≡ 0. Then,
Fredholm’s alternative implies the existence and uniqueness result.
Once we have existence, the norm estimate follows directly from Proposition 4.2. 
Now we come back to our goal of finding a solution to problem (5.1). In what follows we





λV (x)|x|2(α−1)ePWλ(eφ − 1− φ)
))
Therefore problem (5.1) turns out to be equivalent to the problem
L(φ) +N(φ) = R̃, φ ∈ K⊥ (5.4)














We need the following auxiliary lemma.
Lemma 5.2. Let r > 0 be a fixed number. For any p > 1 there exists λ0 > 0 such that for
any λ ∈ (0, λ0), any b ∈ R2 with |b| ≤ r
√
λ and any φ1, φ2 ∈ H10 (Ω) with ‖φ‖1, ‖φ2‖ < 1 the
following holds
‖eφ1 − φ1 − eφ2 + φ2‖p ≤ C(‖φ1‖+ ‖φ2‖)‖φ1 − φ2‖, (5.5)
‖N(φ1)−N(φ2)‖ ≤ Cλ
1−p2
αp2 (‖φ1‖+ ‖φ2‖)‖φ1 − φ2‖. (5.6)
Proof. A straightforward computation give that the inequality |ea−a− eb+ b| ≤ e|a|+|b|(|a|+
|b|)|a − b| holds for all a, b ∈ R. Then, by applying Hölder’s inequality with 1q + 1r + 1t = 1,
we derive
‖eφ1 − φ1 − eφ2 + φ2‖p ≤ C‖e|φ1|+|φ2|‖pq(‖φ1‖pr + ‖φ2‖pr)‖φ1 − φ2‖pt
and (5.5) follows by using Lemma 2.1 and the continuity of the embeddings H10 (Ω) ⊂ Lpr(Ω)
and H10 (Ω) ⊂ Lpt(Ω). Let us prove (5.6). According to (5.2) we get
‖N(φ1)−N(φ2)‖ ≤ C‖λV (x)|x|2(α−1)ePWλ(eφ1 − φ1 − eφ2 + φ2)‖p,
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and by Hölder’s inequality with 1p +
1
q = 1 we derive
‖N(φ1)−N(φ2)‖ ≤ C‖λ|x|2(α−1)ePWλ‖p2‖eφ1 − φ1 − eφ2 + φ2|‖pq
≤ C‖λ|x|2(α−1)ePWλ‖p2(‖φ1‖+ ‖φ2‖)‖φ1 − φ2‖
by (5.5), and the conclusion follows recalling (3.1). 
Problem (5.1) or, equivalently, problem (5.4), turns out to be solvable for any choice of
point b with |b| ≤ r
√
λ, provided that λ is sufficiently small. Indeed we have the following
result.
Proposition 5.3. Let r > 0 be fixed. For any ε ∈ (0, 1α) there exists λ0 > 0 such that for
any λ ∈ (0, λ0) and any b ∈ R2 with |b| < r
√
λ there is a unique φλ = φλ,b ∈ K⊥ satisfying





Proof. Since, as we have observed, problem (5.4) is equivalent to problem (5.1), we will show
that problem (5.4) can be solved via a contraction mapping argument. Indeed, in virtue of
Proposition 5.1, let us introduce the map
T := L−1(R̃−N(φ)), φ ∈ K⊥.
Let us fix







and p > 1 sufficiently close to 1. According to (5.2) and Lemma 3.1 we have
‖R̃‖ = O(λ 1α−η). (5.7)
Similarly, by (5.6), choosing p > 1 sufficiently close to 1, we get
‖N(φ1)−N(φ2)‖ ≤ Cλ−η(‖φ1‖+ ‖φ2‖)‖φ1 − φ2‖ ∀φ1, φ2 ∈ H10 (Ω), ‖φ1‖, ‖φ2‖ < 1. (5.8)
In particular, by taking φ2 = 0,
‖N(φ)‖ ≤ Cλ−η‖φ‖2 ∀φ ∈ H10 (Ω), ‖φ‖ < 1. (5.9)
We claim that T is a contraction map over the ball
{
φ ∈ K⊥





provided that λ is small enough. Indeed, combining Proposition 5.1, (5.7), (5.8), (5.9) with
the choice of η, we have
‖T (φ)‖ ≤ C| log λ|(λ 1α−η + λ−η‖φ‖2) < λ 1α−ε,







6. Proof of Theorems 1.1-1.3 and Theorem 2.2-2.3
After problem (5.1) has been solved according to Proposition 5.3, then we find a solution
to the original problem (2.2) if b is such that
cj = 0 for j = 1, 2.
Let us find the condition satisfied by b in order to get the cj ’s equal to zero.
















The object is now to expand each integral of the above identity and analyze the leading term.



















πα+ o(1) if h = j
o(1) if h 6= j
. (6.3)






























Recalling (B.1) and Lemma B.1 we deduce
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+O(|b||x|2) +O(|b|2|x|) +O(|x|3) +O(δ2α)

























+O(|b||x|2) +O(|b|2|x|) +O(|x|3) +O(δ2α).
By assumptions (1.6) and (1.9)-(1.10) in Theorems 1.1 and 1.3, respectively, taking into


































































+O(|b||x|2) +O(|b|2|x|) +O(|x|3) +O(δ2α).
(6.5)
First let us assume that α ≥ 3: let us insert the above expansion into (6.4) and, using Lemma

























































−αb) +O(δ3) +O(δ2|b|) +O(δ|b|2)
(6.7)
where







− a11 + a22
4a(0)
6= 0
thanks to assumptions (1.6) in Theorem 1.1 and F = (F1, F2) is the map defined in Lemma
6.4.
Next assume that α = 2. If Ω is ℓ-symmetric for some ℓ ≥ 3 in the sense of (1.9), then
H̃(x, 0) is 3-symmetric too:
H̃(ei
2π
ℓ x, 0) = H̃(x, 0) ∀x ∈ Ω;
this implies that its Taylor expansion at 0 involves only the powers corresponding to integers






(0, 0) = 0.



























LIOUVILLLE EQUATION WITH A SINGULAR SOURCE 21























Therefore, using (1.10) we conclude that (6.7) holds for any α ≥ 2 for some A 6= 0.
Finally let us fix ε > 0 sufficiently small and p > 1 sufficiently close to 1. Next let
1 < q < ∞ be such that 1p + 1q = 1. Then, recalling that δ2α ∼ λ according to (2.7), (5.5)
with φ2 = 0 and Proposition 5.3 give
‖eφλ − 1− φλ‖q ≤ C‖φ‖2 ≤ δ4−4αε
and, consequently,
‖eφλ − 1‖q ≤ C‖φλ‖ ≤ δ2−2αε. (6.8)
Therefore, the orthogonality (6.2) and Lemma 3.1 imply
∫
Ω
|x|2(α−1)eWλ(eφλ − 1)Zjλdx =
∫
Ω
|x|2(α−1)eWλ(eφλ − 1− φλ)Zjλdx
= O(‖|x|2(α−1)eWλ(eφλ − 1− φλ)‖1)



























provided that ε is chosen sufficiently close to 0 and p sufficiently close to 1.
In order to conclude, combining (6.2), (6.3), (6.7), (6.9), the identities (6.1) turn out to be


















παc2 + o(c1) + o(c2)
(6.10)
uniformly for |b| ≤ δα. According to Lemma 6.4 we have F (0, 0) = (0, 0) and detF (0, 0) 6= 0.
Then the local invertibility theorem assures that F is invertible in a small ball Br with center
0 or, equivalently, F (δ−αb) is invertible in a the ball Brδα , and hence deg(F (δ
−αb), Brδα , 0) =
1. Taking into account that |F (δ−αb)| ≥ c for |b| = rδα, the continuity property of the
topological degree gives that deg(F (δ−αb) +O(δ), Brδα , 0) > 0 for δ (hence λ) small enough.
Then for such δ there exists b ∈ Br such that
F (δ−αb) +O(δ) = 0.
and so the linear system (6.10) has only the trivial solution c1 = c2 = 0. Finally δ
−α|b| ∼
|F (δ−αb)| = O(δ), hence |b| = O(δα+1). That concludes the proof of Theorems 2.2-2.3.
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Proof of Theorems 1.1-1.3. Theorems 2.2-2.3 provide a solution to the problem (2.2) of
the form
vλ = PWλ + φλ
for some b = bλ with |bλ| = O(δα+1). So we have
α−1∑
k=0
H(x, βiλ) = αH(x, 0) +O(δ), (6.11)
log(δ2α + |xα + bλ|2) = log(δ2α + |x|2α) +O(δ) (6.12)
uniformly for x ∈ Ω. Clearly, by (2.1),
uλ = vλ − 4π(α − 1)G(x, 0)
solves equation (1.1) and (1.7) of Theorem 1.1 follows from (2.8) and (6.11)(6.12). Moreover,
using (3.1) and (6.8), by Hölder’s inequality with 1p +
1
q = 1 we get
λ‖|x|2(α−1)V (x)(evλ − ePWλ)‖1 = λ‖|x|2(α−1)V (x)ePWλ(eφλ − 1)‖1


























|x|2(α−1)eWλdx+ o(1) = 8πα+ o(1).





So (1.8) is verified and Theorem 1.1 is thus completely proved.









|x|2(α−1)eWλPZ1λRe(ξxα)dx = 4πα2δαRe(ξ) +O(δ2α)
∫
Ω
|x|2(α−1)eWλPZ1λIm(ξxα)dx = 4πα2δαIm(ξ) +O(δ2α)
∫
Ω
|x|2(α−1)eWλPZ2λRe(ξxα)dx = −4πα2δαIm(ξ) +O(δ2α)
∫
Ω
|x|2(α−1)eWλPZ2λIm(ξxα)dx = 4πα2δαRe(ξ) +O(δ2α)
uniformly for b in a small neighborhood of 0.
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(1 + |yα − δ−αb|2)3Re(y





(1 + |yα − δ−αb|2)3Re(y
α − δ−αb)Re(yγ)dy +O(δα+γ).





(1 + |yα − δ−αb|2)3Re(y













(1 + |y|2)3dy = 0
and we get the first estimate for ξ = 1. The second estimate with ξ = 1 is analogous. Next,




















































































(1 + |y|2)3 y1(y2 + δ
−αRe(b))dy
= 0.
Taking into account that
Re(ξxγ) = Re(ξ)Re(xγ)− Im(ξ)Im(xγ), Im(ξxγ) = Re(ξ)Im(xγ) + Im(ξ)Re(xγ)
we obtain the thesis for j = 1 and any ξ ∈ C. The remaining estimates with j = 2 are
analogous. 
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uniformly for b in a small neighborhood of 0.






















(1 + |yα − δ−αb|2)3Re(y





(1 + |yα − δ−αb|2)3Re(y
























Moreover, since Re(x)Im(x) = Im(x
2)
2 , by Lemma 6.1∫
Ω
|x|2(α−1)eWλPZ1λRe(x)Im(x)dx = O(δα+2).
The thesis follows for j = 1 since Re(ξx) = Re(ξ)Re(x) − Im(ξ)Im(x). The proof for j = 2
follows analogously.





























− 2πα2δ2Re(ξ1, ξ2) +O(δα+2)











uniformly for b in a small neighborhood of 0.























(1 + |yα − δ−αb|2)3Re(y





(1 + |yα − δ−αb|2)3Re(y






















Moreover, since Re(x)Im(x) = Im(x
2)




The first estimate follows since Re(ξx) = Re(ξ)Re(x)−Im(ξ)Im(x) and Im(ξx) = Re(ξ)Im(x)+
Im(ξ)Re(x). The remaining estimates follow analogously.

















Then F (0) = 0 and det(DF (0)) 6= 0.





























(1 + |y|2)3 y2dy = 0
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by which we immediately get F (0, 0) = 0. Moreover
∂F1
∂B2


















(1 + |y|2)4 y1y2dy = 0.
Similarly ∂F2∂B1 (0, 0) = 0. So DF is a diagonal matrix. We compute
∂F1
∂B1
(0, 0) = −
∫
R2
|y|2α 1 + |y|
2α − 6(Re(yα))2





|y| 2α 1 + |y|
2 − 6y21























(1 + |y|2)4 dy.













(1 + |y|2)4 dy.





(1 + |y|2)4dy 6= 0. (6.13)


























by direct integration. So, using that (
√
2|y|) 2α ≤ 1 if 2|y|2 − 1 ≤ 0 and (
√
2|y|) 2α > 1 if
























(1 + |y|2)4dy = 0
and (6.13) follows. 
3
Appendix A.
This appendix is devoted to deduce some integral identities associated to the change of
variables: x 7→ xα.
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Proof. It is sufficient to prove the thesis for a smooth function f . Using the polar coordinates













































Proof. Observe first that according to Lemma A.1 we have |y|2(α−1)f(yα)Re(yγ) ∈ L1(R2).



























































































and the first identity follows. The second identity is analogous..

Appendix B.
In this appendix we carry out some asymptotic expansions involving the regular part
H(x, y) of the Green’s function. Recalling that for any fixed p ∈ Ω the function Hp : x 7→
H(x, p) is harmonic in Ω, then it admits a holomorphic extension
H̃p(x) = Hp(x) + ihp(x) in U, hp(p) = 0 x ≈ x1 + ix2,
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where U is any fixed round neighborhood of 0. Setting
H̃(x, p) = H̃p(x) ∀x, p ∈ U
by the symmetry H(x, p) = H(p, x) we also deduce the analogous following symmetry for H̃:
H̃(x, p) = H̃(p, x) ∀x, p ∈ U.
In the following we denote by ddx and
d
dp the (complex) derivative with respect to the first
and the second variable of the function H̃(·, ·), respectively. Therefore the Taylor expansion
of Hp(x) up to the order m takes the form:


































(0) ∀k ≥ 2.
Lemma B.1. Using the same notation b, βi of the introduction, the following holds:
α−1∑
i=0























uniformly for b ∈ U and x ∈ Ω.



























































By inserting the last identity into (B.2) we obtain the thesis.

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